Abstract. In this study, we present a new family of continuous distributions via an extended form of the Weibull distribution. Some special members of the newly de…ned family are discussed and the new univariate continuous distributions are introduced. The mathematical properties are obtained for any members of the family such as expansions of the density, hazard rate function, quantile function, moments and order statistics. We obtain the distribution parameters by maximum likelihood method. The simulation study to evaluate the performance of the estimated parameters based on the selected member of the this new family is also given. The lifetime data example is discussed to illustrate the applicability of the distribution.
Introduction
The ordinary distributions can not always be su¢ cient to model the real data. Furthermore, in many applied areas such as lifetime analysis there is a strong need for extended forms of the ordinary distributions. There are several methods to obtain generalized or generated G families of the distributions by adding one or more ‡exibility parameters to baseline distribution in the literature. In this method, the baseline distributions have been developed in terms of either ‡exibility or the goodness-of-…t to real data. The well-known distribution families are the followings: the Marshall-Olkin-G (MO-G) by Marshall and Olkin [27] , the beta-G by Eugene et al. [21] , the gamma-G by Zografos and Balakrishanan [41] , the Kumaraswamy-G (Kw-G) by Cordeiro and de Castro [16] , the McDonald-G by Alexander et al. [2] , the odd exponentiated generalized-G by Cordeiro et al. [17] , the transformedtransformer (T-X) by Alzaatreh et al. [8] , the exponentiated T-X by Alzaghal et al. [11] , the Weibull-G by Bourguignon et al. [13] , T-X{Y}-quantile based approach by Aljarrah et al. [6] , T-normal{Y} by Alzaatreh et al. [10] , Lomax-G by Cordeiro THE EXTENDED W EIBULL-G FAM ILY 249 et al. [18] , the Kumaraswamy odd log-logistic-G by Alizadeh et al. [5] , the twosided generalized-G by Korkmaz and Genç [25] , the Harris-G family by Batsidis and Lemonte [12] , the beta-MO family by Alizadeh et al. [3] , the Kw-MO-G by Alizadeh et al. [4] , the logistic-G by Tahir et al. [37] , the type 2 Weibull-G by Tahir et al. [39] , generalized gamma-G by Alzaatreh et al. [9] and the beta odd log-logistic-G by Cordeiro et al. [15] . For more details on some well-established-G families, the one may see Tahir and Nadarajah [38] . Alzaatreh et al. [8] de…ned the T-X family of the cumulative distribution function (cdf) by We note that the support of the T X family is same with X random variable.
On the other hand, the Weibull distribution is the most popular distribution in the statistics and reliability studies. The cdf and pdf of the Weibull distribution are given by G W (x; ; ) = 1 e x and g W (x; ; ) =
respectively, where x > 0, > 0 is scale parameter and > 0 is shape parameter. Its pdf shapes have unimodal or reversed J-shaped. Also, its hazard rate function (hrf), de…ned by h (x; ) = g (x; )/(1 G (x; )), has the monotone shaped such as decreasing, increasing, and constant shaped. However, these properties can be inadequate for the Weibull distribution since the empirical approaches to real data are often non-monotone hrf shapes such as unimodal, bathtube, and various shaped speci…cally in the lifetime applications. respectively, where x > 0, > 0 is scale parameter and ; > 0 are shape parameters. The authors have shown that the EW density has unimodal shape and its hrf is the unimodal or increasing shaped. When = 0, the EW distribution reduces the ordinary Weibull distribution. A good review on Weibull models, and its modi…cations are argued in Lai et al. [26] and Almalki and Nadarajah [7] . Also, there are some generated families based on ordinary Weibull distribution in the literature. They are the following: the Weibull-X family [8, 19] , the Weibull-G family [13] , the exponentiated Weibull-X family [11] , the second type Weibull-G family [39] and the additive Weibull-G family [23] . The aim of the paper is to propose a new ‡exible family of distributions based on T-X family using the EW as the generator. In this way, we will utilize the ‡exibility of the baseline distribution for modelling the data. The paper is outlined as followings. In Section 2, we de…ne the new Weibull-G family. The special cases and some members of the new family is given Section 3. In section 4 provides the expansions for the new density. The quantile function is given by Section 5. The moment and moment generating functions is obtained by Section 6. Section 7 gives the order statistics and its moments. In Section 8, the estimation of the model parameters is obtained by the method of maximum likelihood. In Section 9 includes a simulation study for the maximum likelihood estimations of the parameters and an application to real lifetime data. Finally, concluding remarks are presented in Section 10.
The New Family
Let G (x; ) and g (x; ) are the baseline cdf and pdf belong to continuous random variable respectively. Applying W [G (x; )] = G(x; ) 1 G(x; ) from (1.1), (1.2), (1.3) and (1.4) we de…ne the cdf and pdf of the new family by
respectively, where > 0 is scale parameter and ; > 0 are shape parameters. In this way, we extend the baseline distribution G with three extra parameters. Thus, the additional parameters will ensure to establish a more ‡exible distribution and we will obtain various shapes of the pdf and hrf. Further, the main motivations for using the new family are to make the kurtosis more ‡exible compared to the baseline, to produce a skewness for symmetrical distributions, to generate various shapes of the pdf and hrf and to provide better …ts than other generated models.
We can also say that if T has EW random variable, then X = G 1 T T +1 random variable has the pdf in (2.2). We call new family the extended Weibull-G distribution and denote it by X EW G ( ; ; ; ). The hrf of the EW G family is given by
Some special EW G distributions
The EW G family presents alternative generalized distributions, since (2.1) and (2.2) generate the more ‡exible distribution than the baseline distribution. The members of the EW G family of distributions are specialized by taking G as the well-known distributions in the literature. Some of them are EW unif orm, EW W eibull and EW normal distributions (please see Table 1 for the others). Also, we note that when = 0, the EW G family is the Weibull-G family [13] and it is reduced to a new family, which is named by extended exponential-G family of the distributions, for the = 1. The details are given in the following subsections.
3.1. EW-Uniform Distribution. As in the …rst example, suppose that the baseline distribution has an uniform distribution in the interval (0; ), where = ( ) . Then G (x; ) = x= and g (x; ) = 1= . The EW-Uniform (EW-U) cdf is given by F EW U (x; ; ; ; ) = 1 exp where 0 < x < ; ; ; > 0. For = 0, we obtain the Weibull-uniform distribution [13] or Phani distribution [33] . Furthermore, the (3.1) can be named as the extended Phani distribution. The pdf of (3.1) is the following
3.2. EW-Weibull Distribution. We now consider the Weibull distribution as a baseline distribution with pdf g (x ; ; ) = x 1 e x and cdf G (x ; ; ) = 1 e
x , where = ( ; ). Then we have the cdf of the EW-Weibull distribution (EW-W) by the following F EW W (x; ; ; ; ; ) = 1 exp e
where where x > 0 and ; ; ; ; > 0. The (3.2) contains some important submodels which some of them are newly de…ned. These models are the followings:
The ordinary exponential power distribution [36] is obtained = = 1 and = 0. The Chen distribution [14] is obtained by = = 1 and = 0. For = 1, the EW-exponential distribution, denoted by EW E ( ; ; ; ), is obtained (new). The extended exponential-Weibull distribution is obtained for = 1 (new).
The model reduces to the extended exponential power distribution for = = 1 (new). The extended Chen distribution is obtained by = = 1 (new). For = = 1 and = / ; ( > 0), the extended Gompertz distribution is obtained (new). The ordinary Gompertz distribution is obtained for the same case with = 0.
The pdf of the EW-W distribution is given by f EW W (x; ; ; ; ; ) =
e (e where 1 < x; < 1 and ; ; ; > 0. For = 0 and = 1, we obtain the standard EW-N distribution. Also for = 0, the Weibull-normal distribution [13] is obtained. The corresponding pdf of the (3.3) is
In Figures 1 and 2 , we draw some plots of the pdf and hrf of the EW-U, EW-W, EW-N distributions for selected parameter values. Figure 1 shows that the EW-G family ensures rich shaped distributions with various shapes for modelling. For example, the EW-G family brings not only bi-modal shape and peak point properties to ordinary Weibull and normal distributions but also brings peak point property to ordinary uniform distribution. It also brings uni-modal, bathtub and increasing shape properties to ordinary uniform distribution. Figure 2 reveals that this family can produce ‡exible hrf shapes such as decreasing, increasing, bathtub, upside-down bathtub, …rstly unimodal then increasing. Other shapes can be obtained using another distribution. These shape properties show that the EW-G family can be very useful to …t di¤erent data sets with various shapes.
The Expansions for the EW-G density
In this Section, using the exponential power series expansions and generalized binom expansions we will obtain expansions of the EW-G density. These expansions
where 
Now using the generalized binom expansion for the negative power terms of the [1 G (x; )], we can write following equation for the EW-G density 
We note that the w (k;i;j) 1 and w (k;i;j) 2 coe¢ cients come from exponential power series and generalized binom expansions which are de…ned above. Finally by using exponentiated-G pdf, the pdf of the EW-G is given by
Hence, from (4.1) we can say that the EW-G density can be explained as sum of the two density which are in…nite combination of the exponentiated-G (exp-G) density functions. Thus, some mathematical properties of the EW-G model can be obtained directly from those properties of the exp-G distribution. For example, the ordinary moment and moment generating function of the EW-G distribution can be obtained immediately from those quantities of the exp-G distribution. The properties of exp-G distributions have been studied by many authors in recent years, see [30, 31] .
Quantile Functions and Random Number Generation
The quantile functions (qf) are used in widespread in general statistics and often to obtain percentiles. The uth quantile, denoted by x u = Q (u), of the EW G distribution can be obtained by inversion of the cdf which is given by
where u 2 (0; 1). Hence, if U is uniform random variable on (0,1), then X U follows the EW G random variable. The random number generation from any member of this family can be obtained with followings.
The random number generation is same with solution of the (5.1) depend on baseline distribution G for u 2 (0; 1). This is directly solution of (2.1) if t is a random number on EW ( ; ; ) then G 1 t t+1
is the random number on EW G( ; ; ; ) distribution, where t is solution of the (1.3) and G 1 ( ) is the inverse of the baseline cdf or its qf.
These above expressions can be easily calculated with some packet programmes such as R, Maple and Mathematica.
The skewness and kurtosis of the EW G distribution can be derived by quantiles. By using (5.1) the Bowleys skewness [24] and the Moors kurtosis [28] are given by Figure 3 . Graphics of the skewness and kurtosis measures for the EW-E distribution.
respectively. These measures are less sensitive to outliers and they exist even for distributions without moments. We draw B and M based on the EW-E distribution, introduced by Section 3, as a function of and for …xed values other parameters in Figure 3 . shows that the plots of the measures B and M for the EW-E distribution introduced in Section 3. These plots indicate that the member of the this family can model various data types in terms of skewness and kurtosis.
The Moments and Moment Generating Functions
In this section we obtain the expressions for the non-central moments and moment generating function of the EW-G family. Let Z a be a random variable having the exp-G pdf a with power parameter a and r E (X r
where
The moment generating function (mgf), de…ned by M (t) = E e tX , of the EW-G random variable can be obtained with (4) by
where M a (t) denotes the mgf function of the Z a random variable. A second formula for M (t) follows from (6.2) as
. The moments and mgf of some exp-G distributions are given by [31] , which can be used to obtain E (X r ) and M (t).
Order Statistics
The pdf function f i:n (x) of the ith order statistics for i = 1 ; : : : ; n from a random sample X 1 ; X 2 ; ; X n
For the Ew-G family, the pdf of the ith order statistics is given by
From (7.1) especially the pdf of the maximum order statistic is
; and the pdf of the minimum order statistic is
Using series expansions in Section 4, we have the following pdf expansions of the ith order statistic f i:n (x)
where a (x; ) is exp-G distribution de…ned as before,
and w (k;j;m;p) 2
Hence, the rth, r = 1; 2; :::, moments of the ith order statistic can be obtained as follows: where Z 1 and Z 2 denote the exp-G distribution with power parameter j + + m + p 1 and j + m + p respectively.
Maximum Likelihood Estimation
We consider the estimation of the unknown parameters of the model parameters of the new family from complete samples only by maximum likelihood. Let x 1 ; : : : ; x n be a random sample of the EW-G distribution with parameter vector = ( ; ; ; ) | . The log-likelihood function for , say`=`( ), is given bỳ
where W (x i ; ) = G(xi; ) 1 G(xi; ) . The log-likelihood can be maximized either directly or by solving the nonlinear likelihood equations obtained by di¤erentiating (8.1). The last equation can be maximized either by using the di¤erent programs like R [34] (optim, AdequecyModel, maxLik functions) or by solving the nonlinear likelihood equations obtained by di¤erentiating (8.1). The associated gradients or components of the score function, (` = @`=@ ;` = @`=@ ;` = @`=@ ;` = @`=@ ;), are given by`
For parameter vector from the baseline distribution, the associated gradients are found tò
We can obtain the estimates of the unknown parameters by setting the score vector to zero. These equations cannot be solved analytically, and a statistical software with an optimization routine implementation should be used to solve them numerically using an iterative method such as Newton-Raphson. For interval estimation and hypothesis tests on the parameters in , we need (k + 3) (k + 3) dimensions the asymptotic variance-covariance matrix of the maximum likelihood estimators of the parameters. This matrix is obtained by the inverse of the Fisher information matrix, J( ) = E (`i j ) ; i; j = ; ; ; , whose elements are negative of the expected values of the second partial derivatives of the log-likelihood function with respect to the parameters. The`i j are given in Appendix. The multivariate normal N k+3 (0; J( b ) 1 ) distribution, can be used to provide approximate con…dence intervals for the unknown parameters since the maximum likelihood estamations has asymptotic normal distribution under standard regularity conditions, where J( b ) is the observed Fisher information matrix evaluated at b . Then, approximate 100(1 )% con…dence intervals for , ; and can be determined by:
, where z =2 is the upper th percentile of the standard normal model.
Data Analysis
In this section, we give a simulation study and a real data application. The EW-E distribution, introduced by Section 2, is considered for both simulation study and real data application. The computations of the maximum likelihood estimates of all parameters for all the distributions are obtained by using the maxLik function in R program. This function also gives the numerically di¤erentiated observed Fisher information matrix. 9.1. A Simulation Study. To evaluate the performance of the maximum likelihood estimates, we generate 1,000 samples of sizes 20 and 100 from the EW E ( ; ; ; ) distribution. The random number generation is obtained by inverse of the EW E cdf by using uniroot routine in R programme. The results of the simulation are reported in Table 2 . We observe that the estimates approach true values as the sample size increases implying the consistency of the estimates. Also, we observe from Table 2 that the estimates are quite stable and get closer to the true values as the sample sizes increase.
A Real Data Application.
We analyze the data set studied by Abouammoh et al. [1] , which represent the lifetime in days of 40 patients su¤ering from leukemia from one of the Ministry of Health Hospitals in Saudi Arabia. The data also have been analyzed by Sarhan et al. [35] The model selection is applied using the Kolmogorov-Smirnov (K-S) statistics, Akaike information criterion (AIC) and estimated log-likelihood (^) values. The AIC value is given by AIC = 2^+ 2p where p is the number of the estimated model parameters and n is sample size. When searching the best …t among others to data, the distribution with the smallest AIC and K-S values and the biggestâ nd p values of the K-S statistics is chosen.
By using this data, for exponentiated generalized linear failure rate distribution, Sarhan et al. [35] have obtained K-S statistics , goodness-of-…t statistics, and its p-value as 0.0917 and 0.8591 respectively. For EW distribution, we obtain these values as 0.1330 (K-S) and 0.4797 (p-value). Table 3 lists the maximum likelihood estimations (and the corresponding standard errors in parentheses) of the parameters,^, AIC value and K-S statistic for above …tted models. On the Table 3 , we observe that the EW-E distribution has the smallest AIC and K-S values and has the biggest^and p values. For this reason, it could be chosen as the best model among the other models under these criteria.
The inverse of the numerically evaluated Hessian (or observed Fisher information) matrix at the solution found is given by We sketched the …tted densities of the application models for this data in Figure  4 . The Figure 4 shows that the EW-E model …ts to lukemia data as bi-modal shaped and others …t to this data as uni-modal shaped. Fig. 5(a) gives the …tted hrf of the EW-E model. This …gure shows …rstly unimodal shaped and then an increasing shaped hrf for the data set. The emprical cdf and …tted EW-E cdf are given by Fig 5(b) . Hence, the EW-E the distribution could be appropriate to …t such data. 
Concluding Remarks
We de…ned a new Weibull family of the distributions in order to provide great ‡exibility to any continuous distribution by adding three extra parameters. We called it extended Weibull-G family. The ordinary Weibull-G family is [13] particular case of the proposed distribution family. Some special models of this new family are discussed. The shapes of the density and hazard rate function were investigated for EW-U, EW-W and EW-N distributions. We studied its general structural properties such as expansions for density, quantile functions, moments, moment generating functions and order statistics under general settings. The model parameters were estimated using maximum likelihood method. A simulation study was performed to see performance maximum likelihood estimation, and we observed that the estimations are quite stable and get closer to the true values as the sample sizes increase. Its usefulness was illustrated by an application to real lifetime data. Further, we saw that this family could generate a bi-modal shaped distribution such as bi-modal Weibull and bi-modal normal distributions (see, Section 3). The ordinary exponential distribution in simple structure, which has only reversed-J shaped and constant hrf shaped, have been become as a bi-modal shaped and a …rstly unimodal then increasing hrf shaped (see, Figures 4 and 5) . Finally we can say that adding parameters to any continuous distribution via EW-G family construction increases its ‡exibility. We hope that the EW-G family may be extensively used in statistics.
